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Cartan Decompositions
and Semigroups of Simple Lie Groups
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Abstract. Let G be a split real connected simple Lie group and S a semi-
group of G that contains a subgroup G(«) for an arbitrary root «, isomorphic
to SL(2,R). We present a Cartan decomposition of the Lie algebra of G, related
to «, invariant by the adjoint action of the Lie algebra sl(2,R) that allows to
characterize some properties of the Lie saturate of the semigroup S. We give
necessary and sufficient conditions for S to be equal to the whole group G'.
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1. Introduction

In this paper, we give necessary and sufficient conditions for a semigroup S
of a real finite-dimensional connected simple Lie group G, to be equal to the whole
group G, where S is generated by {exp tX : X € '/t > 0} and T is a subset of
the Lie algebra of GG. The problem of semigroups that generate the whole group
has several motivations, in particular in control theory, where the controllability
problem for invariant systems is translated into the semigroup generation problem.
Important work was performed to obtain controllability conditions on I" (i.e., such
that S = G) on various particular classes of Lie groups ([2], [10], [15] and [20]). It
is known that the Lie algebra generated by I', Lie(I') is equal to the Lie algebra
L of G is a necessary condition to have S generates GG and if the group G is
compact or I' is symmetric (I' = —I"), then it is also sufficient. It is also known
that S generates G if and only if the Lie saturate of I, LS(I") is equal to the
Lie algebra of G ([10], [16], [17] and [20]). The Lie saturate of I', is the largest
subset of Lie(I') such that the closures of the semigroups generated by I' and by
LS(T") are equal. Previous papers ([6], [7], and [8]) give sufficient conditions on a
subset I' of the form I' = {A, B, — B}, where the pair (A, B) is generic in L x L
and satisfies Lie(A, B) = L, so that S generates G, where G is a semi-simple
Lie group with finite-center. In those papers the conditions satisfied by the pair
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(A, B) imply the fact that there exists a root o (maximal root, which is long) such
that the Lie saturate of I' contains the plane RE, @ RE_,. In [18] it was proved
for a complex simple Lie group using the geometry of flag manifolds that if S has
nonempty interior and S contains a subgroup G(«), for an arbitrary root a then
S is equal to G. In another direction, this problem of semigroups that generate
semi-simple Lie groups was studied in [12] and [13] and recently in [1].

Simple Lie algebras are classified using Dynkin diagrams, which encode
the geometric structure of root systems. Every Dynkin diagram with only simple
edges, namely A,, n > 1; Dy, n > 4; Eg; E7 or Eg, admits only long roots.
For the remaining Dynkin diagrams with double (resp. triple) edges, namely B,
n>2; C,, n >3 and Fy (resp. Gg), there are two orbits which are given by
the long and short roots, respectively.

In this paper, we consider the subgroup of the Weyl group W, , generated
by the reflexions r, and r_,, for a root a and we show that the action of
W, on the root system R allows to decompose R in disjoint unions, R =
Ri(a) U R (o) URL(a) U Ry(er) UR" () U {ev,—ar} (see Definition 1), using
the Cartan integers [(H,), for a root . This decomposition of R gives a
decomposition of the Lie algebra L = p(a) @ #(«), which is invariant by the
adjoint action of the Lie algebra sl,(2,R) spanned by RE, and RE_,, where
RE, is the root subspace of L for o, and L is the split real form (noncompact) of
a complex simple Lie algebra. We present a Cartan decomposition of L related to
a, which allows to characterize some properties of the Lie saturate of semigroups
S that contain the subgroup G(«), generated by the union of the one-parameter
groups {exp tE, : t € R} and {exp tF_, : t € R}, and to study S. We also
present some conditions on a subset I' of L which ensure the fact that Lie(I') = L
and thus the semigroup S generated by I' has nonempty interior.

It is proved that if S contains a subgroup G(«), then S generates the group
G if and only if I' generates its Lie algebra L, for any long root a when L is of
any type, and for any short root « in the case of type Gg. In the remaining cases,
namely B,, n > 2, C,, n > 3 and Fy, it is proved that if S contains a subgroup
G(a) for a short root a and R(LS(T) N p3(a)) is contained in LS(T'), where
py () is the abelian subalgebra of L generated by the root spaces REjs, such that
d(H,) = —2 (see Definition 2), then S generates G if and only if I' generates
L. In the case of type C,, n > 2 and G with finite-center, we show that if S
contains a subgroup G(a), for a short root a and S contains a one-parameter
group {exp tE;s, t € R}, for a root § € Ry(e) URy(a) (see Definition 1), then S
generates G if and only if ' generates L.
We illustrate all these results of Cartan decomposition related to a root « and
semigroups, when G is the real symplectic Lie group of type C,, n > 2.

These results generalize the recent results in [5] concerning the case when
I'={A+wE,+wE_,, A€ L,u,uy, € R} and the previous results in [4] when
I' ={A, B,—B} for a generic pair (A,B) € L x L.

Recently, in [19], using the fundamental groups of flag manifolds the same result
is proved for a long root o when L is of type A,, n > 2 or L of type C,, n > 3,
and for a short root « in the case of type Gg. Also, in the case of type C,, the
author give an example of semigroup S that has nonempty interior and S contains
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a semigroup G(«) for a short root «, but S is not equal to G.

Here, we give in the cases By and Bjs concrete examples of semigroups S
generated by some sets I', S has nonempty interior and it contains a semigroup
G(«) for a short root a but S # G. Also, we indicate how this example in By
induces the existence of such semigroups S in the cases B,, C,, n > 3 and
F4, using the fact that every Dynkin diagram of those cases contains the Dynkin
diagram By = C,.

The structure of this paper is as follows. In Section 2, we summarize
some basic results of semi-simple Lie algebras and the associated root systems.
In Section 3, we present some definitions and properties concerning the Cartan
decomposition related to an arbitrary root, of a complex simple Lie algebra and
of its split real form. We also specify the notations used in this paper. In Section
4, we give the statement and the proofs of the main results and present some
examples.

2. Basic notions of semi-simple Lie algebras

Let L be a real semi-simple finite-dimensional Lie algebra and L¢ = L ®g C, its
complexification Lie algebra. Consider a Cartan subalgebra h of L¢ and R a root
system associated to (Lc, ). We refer to [3], [9] and [21] for more details.

The root space decomposition of the complex semi-simple Lie algebra L¢ is

given by Lc = h@® > Ls, where Ly = {X € Lc : VH € b,[H, X]| =6(H)X,0(H) €
JER
C} is the root subspace for the root ¢. Clearly, [h, Ls] C Ls. It is known that

dimcLs = 1, [Ls,L_s] C b and for any 9,7 € R, [Ls, Ly| = Lsy, (resp. {0})
if +~v € R (resp. d+~v ¢ R and 6 ++v # 0). For every § € R C h*, the
dual space of b, there exists a unique element hs € h such that for any H € b,
d(H) = Kill(hs; H) and 6(hs) # 0, where Kill( ; ) is the Cartan-Killing symmetric
and nondegenerate bilinear form on Lc. Moreover, for every § € R, there exist
unique elements Hs; € h and Es € Ls such that 6(Hs) = 2, Kill(Es; E_5) = 1 and
[Es, E_5] = Hs. Also, for any root d,v if 6 +v € R then [Ej, E,] = N5, Esi,
where N, is a nonzero constant.

The reflection 75 on h*, defined by rs(A) = A — A(H;)d, for every A € b*,
satisfies that for any root 7, rs(v) = v — v(Hs)d is a root. The constants v(Hjy)
are integer, called the Cartan integers and satisfy —3 < v(Hs) < 3. We know that
~v(Hs) = 222’35 , where <,> denotes the nondegenerate symmetric bilinear form
on h*, defined by < §,~v >= Kill(hs; h,). Moreover, for nonproportional roots ¢§
and ~, there exist two unique nonnegative integers p(d,v),q(d,v) < 3 such that
~v(Hs) = p(0,7) — q(d,7) and for any integer m, —p(d,v) < m < ¢(d,7), we have
md + -y is a root.

Simple Lie algebras are classified using Dynkin diagrams, which encode the
geometric structure of root systems. A Dynkin diagram for a simple Lie algebra
is a connected graph, where the vertices are primitive roots (a primitive root is
a positive root which can not be written as a sum of two positive roots) and
the number of edges between two primitive roots § and ~ is equal to 6(H,)y(Hs),
which belongs to {0, 1,2,3}. For the Dynkin diagrams that have only simple edges,
namely A,, n > 1; Dy, n > 4; Eg; E; or Eg, the action of the Weyl group
W, generated by the reflections r5, 6 € R, on the set of roots R is transitive.
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Also, every root is long. In this case, for nonproportional roots § and v we have
—1 < ~v(Hs) < 1. For the remaining Dynkin diagrams with two (resp. three) edges
B,, n>2; C,, n>3 or Fy (resp. Gga) there are two orbits which are given by
the short and long roots respectively, and for nonproportional roots ¢ and v we
have —2 < y(Hj;) < 2 (resp. —3 < y(Hs) < 3); also, if § is long and ~ is short,
then < 6,0 >=2 < 7,v> (resp. < 0,0 >=3 < 7,7 >).

There exists one split real form of L¢ (which is not compact) isomorphic
to the following real semi-simple Lie algebra:

L=br® Zﬁg, where Ls =REs and bhr = ZRH(;.
SER SER

R is a root system associated to (£, bg).

3. Cartan decomposition related to an arbitrary root

For an arbitrary root a, we consider the subgroup of the Weyl group W,,
generated by the reflexions r, and r_,. We will show how W, acts on the root
system R using the Cartan integers §(H,), for a root (3, namely the fact that
ra(B) = B—B(H,)a, with 5(H,) € {0,£1, %2, £3} and A(H.) = pla, ) —q(a, ),
with p(a, £), ¢(a, ) < 3. The action of W, on R allows to give a decomposition
of the Lie algebra L = p(«a) @ ¥(«), which is invariant by the adjoint action of the
Lie algebra sl,(2,R). We will precise when we obtain a Cartan decomposition of
L. This Cartan decomposition related to a root o will be used to study semigroups
S of G, when S contains the subgroup G(«) whose Lie algebra is sl,(2,R).

We consider the following sets of roots associated to a root «. Those sets
have been considered in [6] and [7] to study semigroups and also in [14] to char-
acterize the minimum orbit of the adjoint representation, when « is a maximal
root, which is a long root. Recently in [4] and [5] some properties of those sets for
an arbitrary long or short root are developed, mainly the existence of a Cartan
decomposition of L related to an arbitrary root. Here, we give some other prop-
erties of this Cartan decomposition which are essential for our proofs.

3.1. Root properties related to an arbitrary root.
Definition 1. Let o be an arbitrary root. Consider the following:

R'(a) ={B€R:pla,B) >1orq(e, B) > 1}.
R'(a) ={B € R:p(a, B) = q(a, B) = 0}.
Ri(a) = {8 € R'(@) : ple, B) = 1 or g(e, B) = 1 and p(e, B)g(a, B) < 1}.
Ri(a) = {8 € Ri(a) : p(a, B) = q(a, B) = 1},
Ri(e) = {8 € Ri(a) : pla B)a(a B) = 0}
Ra(a) ={B € R'(a) : p(a, B) = 2 or q(e, B) = 2 and p(e, B) < 2, q(a, B) < 2}
Rs(a) = {8 € R'(@) : p(a, B) = 3 or q(a, B) = 3}.
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Recall that the integers p(«, 8) and ¢(«, 8) are defined for two nonpropor-
tional roots o and (3, (i.e., f # a and § # —«). Therefore, a root 5 € R'(«)
(resp. B € R"(«)) signifies that S is not proportional to o and o+ 5 or —a+ 3
is a root (resp. a+  and —a + § are both not roots).

Also, a root 8 € R)(a) (resp. B € R)(a)) means that 8 € R(a) and
a+ 3, —a+ (3 are both roots (resp. either « + 3 € R or —a+ 3 € R).
We verify easily the following disjoint unions:

R =R (a) UR"(a) U{a,—a},
R'(a) = Ri(a) URY () U R5(r) and
Ri(a) = Ri(a) U R, (a).

Also, since R = —R (i.e., d € R ifand only if —6 € R), we have o+ € R
is equivalent to —a— f € R and —a + 8 € R is equivalent to o — 3 € R. Then
by definition we get the following:

R'(a) = =R'(a) = R'(-a), R"(a) = =R"(e) = R"(-a),
Ri(a) = =Ri(a) = Ri(—a), for every 1<1i<3,
Ri(a) = =Ri(e) = Ri(=a) and R'(a) = —R}(a) = Ri(—a).
On the other hand, for any w € W, we know that [ is a root if and only
if wp is a root, then we deduce that

R (wa) = wR'(a), R"(wa) = wR"(a) and Ri(wa) = wR(a), for1<i<3.

Those sets R”(«), R'(a) and R}(«), 1 < i < 3, are characterized in the
following lemmas for an arbitrary long or short root «. The proofs are given in
[4] and [5].

Recall that for every Dynkin diagram with only simple edges namely, A,
n>1; Dy, n > 4; Eg; Er or Eg, it is known that any root is long. However,
for the remaining Dynkin diagrams with double (resp. triple) edges namely, By,
n >2; C,, n>3or Fy (resp. Ggz), there are two orbits (by the action of
the Weyl group on the set of roots) which are given by the long and short roots,
respectively.

Lemma 3.1.  Let a be an arbitrary long root and § € R.
1. Ifa+ B €R then —a+ ¢ R, and 2a+ S € R if and only if 5 = —«.
2. B e R (a) if and only if B(H,) = +1.
3. B € R"(«) if and only if B(H,) =0 (i.e., R"(«) is the orthogonal to a).

4. Forany B € R, if a+ B € R then oo+ [ is long (resp. short) if 5 is long
(resp. short).
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Notice that the assertion 1 gives that for any long root «, we have R () =
Ry(a) = Ry(a) = 0 and then R'(a) = Ri(a) = R/ (). Also, for any short root
a, in the cases of types B,, n > 2, C,, n > 3 or Fy (resp. Ggz), it is known
that 3a 4 (8 is not a root for any root 8 and thus Rj(«) = 0 (resp. 3o+ (3 can
be a root and then Rj(a) # 0).

Lemma 3.2. Let a be a short root and B € R.
1. In the case of type Go, we have Ri(a) =0 and

i. B€ Rs(a) if and only if B(H,) = £3,
ii. B € Ry(«) if and only if B(H,) = %1,
iii. 8 € R"(«) if and only if B(H,) =0,
. if B € Ry(a) such that 2a+ f € R, then —a+ € Ri(a).
2. In the case of type Bn, n > 2, we have R} () =0, R}(a) = R () and

i. B€ RLY(a) if and only if B is long and [(H,) = £2,
i. BeR(a) if and only if B is short and B(H,) = 0.
Also, a+ 8 € Ri(a),
iii. € R"(«) if and only if 5 is long and B(H,) = 0.
Lemma 3.3. In the case C,, n > 3 or Fy let a be a short root and § € R.

1. B e Ry(a) if and only if B is long and B(H,) = £2.
2. B € Ri() if and only if B(H,) = +1.
3. If B € Ry() then B is short and B(H,) = 0. Also, +a + 3 € R(c).

4. If B € R'(«) then B(H,) = 0 and ( is long (resp. long or short) in the
case Fy (resp. in the case C,, n > 3).

5. Set R = Ri(«)
Then (R’( ) +
(R(e) +R(a)) N

U R(a), where R = R’ (@) U Ry(e) U R"(a) U {£a}.
Ri(@) NR C R(a), (Ri(a) +R(a)) NR C Ri(a) and
NR C R(a).

R The assertion 5 follows from the above assertions, because for any [ €
R)(a) and v € R(«), we have f(H,) € {1,—1} and v(H ) € {0,2,—2} and then
we get (8 +7)(Ha)-

Using the above lemmas and the fact that r,(8) = 8 — 5(Ha)a with

B(Ha) =223 52 "one can verify the following remark.

Remark 3.4. Let a be an arbitrary root. The action of W, on R leaves fixed

every root 3 € R”(a) U R (a) which is orthogonal to a (as 8(Ha) = 0). Then,

WaR"(a) = R"(a) and W,oR)(e) = R} (). Also, we have the following:
W RS (@) = Ry(a), WaRh(a) = Rh(a) and WaR)(a) = R} (a).
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3.2. Root space decomposition related to an arbitrary root.
The root space decomposition of the complex simple Lie algebra L¢ is:

Le=b& Y Ls, where Ly = {X € Lc : VH € b,[H,X] = §(H)X,5(H) € C}.

0ER

If L is the split real form of a complex simple Lie algebra then

L=bp®» Ls, where Ly =RE; and bz =Y RH;.
JER JER

R is a root system associated to (L, bhgr). To simplify we denote hg by bh. Since
R =R/ () UR"(a) U{%a}, the root space decomposition of X € L related to
is given by:

X=Xo+ X0+ X o+ X'(a)+ X" (), where

Z X5, X"(@)= > Xs, X; €RE; and X, € b.
SER! (a SER ()

Since R'(a) = R} (a) U Ry (o) U R4 (), we can write

X'(a) = X{(a) + X5(a) + Xj(a), where X( Z Xs, forie{l,2,3}.
0ER)(ar)

Also, since R/ (e) = R} (a) U R/ () we present

X! (@) = X} () + Xi (), where X|(o Z X5 and X|( Z Xs.
667%’ (o) éeR’ (a)

Remark 3.5. Observe that if « is long, by Lemma 3.1.1, R)(«a) = Ri(a) =
R (a) = 0 and then R'(a) = R)(a) = ﬁ’l(a) Therefore, for any X € L, in
the root space decomposition related to a, we have X)(a) = Xj(a) = X/(a)=0
and thus X'(a) = X|(a) = X/(a). Moreover, if « is short in the case of type
B,, n>2, C,, n >3 or Fy, then we have R5(ca) = 0 and thus Xj(«) = 0.
Also, in the case of type B,, n > 2, we have by Lemma 3.2 that 7%’1(04) = and
R, (a) = R} (). Therefore, X/(a) =0 and X/(a) = X/(a). Finally, if « is short
in the case Gg, by Lemma 3.2, we get R (a) =0 and then X{(a) = 0.

Notation Write X/ (a) = X!(a)*+X/(a)", where X|(a)* (resp. X!(a)~)
is the sum of the (nonzero) components X5, with 8 € R/ (a) such that a+3 € R
and thus f(H,) = —1 (resp. —a+ € R and then (H,) =1).
Similarly, for m € {2,3}, write X (o) = X/ ()" + X/, («)”, where X/ (a)*
(resp. X,,(a)7) is the sum of the (nonzero) components Xz, with g € R, («)
such that ma+ 8 € R (resp. —ma+ € R). The case m = 3 concerns only the
case when « is short in the case Gz, in the other cases we have Xj(a) = 0.
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3.3. Cartan decomposition related to an arbitrary root.

Definition 2. Let a be an arbitrary root. Consider the following decomposition
of L related to a, L = p(a) & &(«r), where

pl@)= > RE; and ta)=be >  RE

BER! (o) BER! (a)U{*a}
Set p(«a Z pi(a), where p;( Z REg, 1<i<3and
1<i<3 BERL(a)
pi(a) = pi(a) + pi(a), where pi(a Z REs and pi(«a Z RE;
BER' (a) BER (@)

Set pi(a) =p{ () ®p; (@) and py,(a) = p;; (@) © py,(a) for m € {2,3}, where

)= Y RE . Pila)= Y RE.

BER), (@) /a+BER BER) (a)/—a+BER
ph)= Y RE; and pula)= Y RE
BER!, (o)) /ma+BER BER!, (&) /—ma+PER

Remark 3.6. Let us precise that for an arbitrary root a, p(a) = {0} if and
only if dimL = 3. Clearly, dimL = 3 is equivalent to the fact that the Dynkin
diagram of G is of type Aj. In this case, we have R = {«a, —a} and the sets
R'(a) and R"(«) are empty. For any X € L, we have X = Xo+ X, + X_,. L
is isomorphic to sl,(2,R) = RH, & RE, ® RE_,, where H, = [E,, E_,]. In this
case p(a) = {0} and L = €(«). But in this case if LS(I") contains the subalgebra
sla(2,R) = Lie(E,, E_,) = L, then clearly LS(I') = L and hence S = G. We will
be interested in the case where dimZL # 3.

If dimL # 3, then R'(a) # 0 and thus dimp(«) > 2. Indeed, if dimZL # 3,
then the Dynkin diagram of L is not of type A; and it contains at least two
primitive roots. It satisfies that for every primitive root ¢, there exists a primitive
root [ with at least one edge between ¢ and . The number of edges between
two primitive roots ¢ and /5 is equal to §(Hg)B(Hs). This implies that §(Hg) # 0
and (since 6 — [ is not a root) then § 4+ 3 is a root. Hence, 5 € R'(d). Moreover,
we know that for a root « there exist a primitive root § and w € W (the Weyl
group) such that @ = wd. Therefore, R'(a) = R'(wd) = wR'(5). We deduce that
wp € R'(«) and then —wf € R'(«). By Definition 2, dimp(«) > 2

The following result was proved in [5] by using Lemma 3.1, 3.2 and 3.3. It
shows that for any root «, there exists a Cartan decomposition of L, related to
«. Here, we develop some properties of this Cartan decomposition of L that we
will use in the proofs of our results.

Theorem 3.7.  [5] Let L be the split real form of a complex simple Lie algebra
such that dimL # 3. For any root o we have:

1. dimp(a) # 0.
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2. L=ypla)ot(a), [ta)t(a)] Cta) and [p(a) t(a)]=p(a).
3. [p(a),p(a)] C &) and then L = p(a) B ¥(«a) is a Cartan decomposition for:

. any long root «.

1. any short root a in the case of type Go or By, n > 2.

4. L ="(a) @E(a) is a Cartan decomposition of L, for any short root o, in
the case of type Cpn, n >3 or Fy, where €(a) = p1(a) @ pa(a) & €(a) is a
Lie subalgebra of L and dimp;(a) # 0.

We briefly recall the idea of the proof of Theorem 3.7. The assertion 1 is
given in Remark 3.6. The assertion 2 is just a consequence of the Jacobi identity
and using Definition 1 and Definition 2 . Indeed, let 5 € R'(a) and 7,0 € R"(a).
If v+4 is a root then it belongs to R”(«), because [E1,, [E,, Es]] =0. If 47 is
a root then it can not belong to R”(«), because if not, we get = (8+7) — v €
R"(«), which contradicts the fact that R'(o) N R" () = 0. Also, 4+ v # *a,
otherwise we get 7 = £ o which contradicts the fact that v € R”(a). The
assertion 4 arises immediately from the assertion 5 of Lemma 3.3. The assertion 3
can be deduced by the following proposition that shows when the decomposition
of L related to « is a Cartan decomposition, using the above Lemmas.

Proposition 3.8. 1. For any long root o, when L is of any type and for
any short root « in the case of type By, n > 2, C,, n > 3 or Fy we have:

i [Ba,pi(0)] = p1(a), [Ea,pr(@)] = pf (@), [Eira,Pr(@)] = pa(a) and
[Bxa, p2(a)] = pi(a).

ii. [pf (), pf ()] Cp3(a) ®RE 4 and [pf(a),pi(a)] C pf(a).

iii. [p3(a), p3 (a)] ={ b, 03 (@), pi(a)] C p3 (@) ®RE_, and
03 (@), by ()] Cpi(a).

iv. Py (a) =py(—a) and Py (a) =p{(-a).
2. For any long root «, h(a) = Lie(p] (o) ® RE_,) is a Heisenberg algebra.
Also, h(—a) = Lie(p; (o) ®RE,).

3. For any short root « in the case of type Go, we have

1. [Eia,pz(a)] = p3(05) and [E:tmpii(a)] = ]JQ(O(),

ii. [p3(@),p3 ()] = RE_4, [p3(a),p3(a)] = {0} and [p3(a),p; ()] =
RE._,,

it [P (), p(a)] C ¥a), form € {2,3}.
4. For any root «, [slo(2,R), p(a)] = p(a) and [slo(2,R), €(a)] C sl (2, R).
Proof. Let 8 € R'(a), for a root «. Then by definition o + 8 or —a + 8

is a root. If a4+ € R, then since —a+ (o + ) = f we get a+ f € R'(«a).
Then [E,, Esl = NaopgEoip € p(a). If a is long then clearly p;(a) = pa(a) = {0},
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and for any § € R'(«a) = ﬁ’l(a), we have $(H,) = £1 and then (o + 5)(H,)
2+ B(H,) = 1 or 3. Since (a + 8)(H,) = 3 is impossible, we get o+ 8 € R} (a
This implies that Ez € pf(a) and then E,,5 € p; (a), (as —a+ (o + 3) =
Similarly if —a + (3 is a root then Ejs € p; (o) and then E_,,5 € p; ().

If « is short, (a+ 5)(Ha) =2+ B(H,) and by Lemma 3.1, 3.2 and 3.3 we
know [(H,) in each case. Then we deduce the assertion 1.i in this case.

For 1.ii, let 8,7 € R/(«) such that S(H,) = 7(Ha) = —1. Then
(6+7)(H,) = —2 and thus if 8+ v is a root then it is equal to —« or it belongs
to Rh(a). Hence, [pf(a),pf(a)] C p3(a) ® RE_,. As above, for any root 3, v
if B4~ € R, one can calculate (8 + v)(H,) = f(H,) + v(H,) and use the above
Lemmas in each case to obtain the remaining result of 1.ii and also to obtain 1.iii.

To show 1.iv, just use Definition 2 and Definition 1 and the fact that
B(H,) = —1 if and only if S(H_,) = 1.

For 2, if « is long then py(a) = {0}, and then by 1.ii) we get [pf (), p] ()] =
RE_,, mainly, for any Es E, € pf(a), [Es, E_ap] = aE_,, with a # 0
and [Eg, E,] = 0 if v # —a — 3. Clearly [RE_,,p; ()] = {0}. There-
fore, h(«a) is a Heisenberg subalgebra of L which is not equal to L. Obviously,
h(—a) = Lie(p] (—a) ® RE,) and by 1.iv) we get h(—a) = Lie(p; (o) ® RE,).

To prove 3, one can use as above the definitions and Lemma 3.2. For 4, the
fact [slo(2,R),p(c)] = p(a) becomes from the above assertions and since for any
root d, [Ha, Es| = 6(H,)Es. Also, since [sl,(2,R), b] C slo(2,R), sl4(2,R) is a Lie
algebra, b is abelian and for any X € L, [Ei,, X"(a)] =0 and [H,, X" (a)] =0
we get [sly(2,R), ()] C sln(2,R). ]

)
).

Notice that for a short root «, in the case of type C,, n > 3 or Fy,
the decomposition L = p(«) @ #(«) is not a Cartan decomposition of L. In-
deed, by Proposition 3.8.4 we have [sl,(2,R),p(c)] = p(«). Also, we get that
[p(a),p(a)] C €(a) if pa(a) = {0} that means « is long and in this case
pi(a) = {0}, or a is short and pi;(a) = {0} this case corresponds to the
case of type Bn, n > 2 or Gg. Moreover, in the case C,, n > 3 or Fy
for a short root a, we have h(a) is not a Heisenberg subalgebra of L because

.

[P (), pf ()] Nps(a) # {0}, (see [4], [5] or the example in Subsection 4.3).

We deduce immediately the following corollaries that determine when LS(I")
is equal to L which implies that S has nonempty interior.

Corollary 3.9.  Let L be the split real form of a complex simple Lie algebra,
dimL # 3 and I' C L. We have LS(I") # L and hence S # G in the following:

1. if T Ct(a) or I' C h(a), for a long root .
2. if T C &) for a short root «, in the case of type Go or By, n > 2.

3. 4f T Cg(a) for a short root «v, in the case of type Cn, n >3 or Fy.

Indeed, by definition LS(I') C Lie(T') and if ' C &(e) (resp. T' C €(at) or
' C h(«)), then Lie(I") C €(a) (resp. &(«) or h(«)) and clearly every subalgebra

~

t(a), t(a) or h(a) is not equal to L.
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Corollary 3.10.  Let L be the split real form of a complex simple Lie algebra,
dimL # 3 and I C L. If Lie(T') = L then we have:

1. T npi(a) # {0} for any long root «.
2. T'Npi(a) # {0} for any short root o in the case of type Cn, n >3 or Fy.

3. T'Np(a) # {0}, for any short root a in the case of type G or By, n > 2.

4. Lie saturate, Cartan decomposition and semigroups

Let I' C L and consider S the semigroup of G generated by
{exp tX : X € I',t > 0}. Recall that the Lie saturate of I', LS(I") is the set
of all elements X of Lie(T") such that {exp tX, t > 0} C clS, the closure of S.
That is the largest subset of Lie(I') such that the closure of the semigroup gener-
ated by LS(I") is equal to the closure of S. Some known properties of LS(I") that
we will often use in our proofs ([11] and [15]) are presented in the following lemma.

Lemma 4.1. 1. LS(T) is a closed convex cone in L.
2. If a subspace V- C LS(I'), then Lie(V) C LS(I).
8. If RX C LS(T) and Y € LS(T), then for any v € R, €*¥X(Y) e LS(T).
4. If Ig&)i c LST), Y € LS(I') and Rad’X(Y) C LS(I'), then R[X,Y] C
LS(T).

We briefly recall the proof of 4. Vv € R,eX(Y) — Y %ade(Y) =
k>2

Y +v[X,Y] € LS(T"). Therefore lim %|(X+U[X, Y]) =£[X,Y] € LS(T).

vtoo |
Consider the decomposition of L related to a root o, L = p(a) ® &(«).
Recall that, if « is long then p(a) = p1(a) = p1(a) and py(a) = {0}. If « is short
in the case of type By, n > 2, C,, n > 3 or Fy, then p(a) = pi(a) & pa(a). If
« is short in the case of type Gz, then p(a) = pa2(a) © ps(a) and pi(a) = {0}.

Notation Denote by LS(I")¢@), LS(I')p@) and LS(T)

of LS(T) on &(a), p(a) and pi(a), respectively.
The following proposition illustrate the proof of the following theorem.

vE (@) the projection

Proposition 4.2.  Let L be the split real form of a complex simple Lie algebra
and I' C L such that RE, ® RE_, C LS(T'), for an arbitrary root «.

1. If « is a long root when L is of any type or « is a short root in the case of
type Byn, n>2, C,, n >3 or Fy then for any X € LS(I") we have:

i. Xi(a)t € LS(T) and X)(a)~ € LS(I'). Then Xi(a) € LS(T).

ii. if —X4(a)T € LS(T) (resp. —X4(a)~ € LS(T)), then RX!(a) and
RX{(a)* (resp. RX{(c)”) are contained in LS(T).



198 EL ASSOUDI-BAIKARI

iii. RLS(D)yray C LS(T) if and only if RLS(D),-,) C LS(I). Also,

RLS(T)ys(a) € LS(T) if and only if RLS(I)py(a) c LS(I).

Py (&

M

2. If a is long when L is of any type, or « is short in the case of type Go then
we have RLS(I)y,ax C LS(I') and RLS(I)y,) C LS(T).

3. For any root a, if RLS(I') ¢,y C LS(L) then we have the following:

i. RLS(I)yay € LS(T) and LS(T)ewy € LS(T),

. [sla(2,R), LS(I)] < LS(T),
291. R[LS(F)p(a),LS(F)E(a)] C LS(F)

Theorem 4.3. Let L be the split real form of a complex simple Lie algebra
and I' C L such that RE, & RE_, C LS('), for an arbitrary root «. If
RLS(D)ys 0y € LS(T) then LS(I') = L if and only if Lie(I') = L.

Proof. To prove Theorem 4.3, we consider the Lie algebra Z generated by the
elements of sl (2,R), LS(I')p@) and [LS(I")pa), LS(I)ya)]. By Proposition 4.2.3,
we get that Z C LS(I"). We show that Z is an ideal (nontrivial) of Lie(I'"). To do
this it is enough to show that [Z,I'] C Z. Clearly, I' C LS(I') and [sl4(2,R),T'] C
LS(T"), by Proposition 4.2.3. Also, [sl,(2,R),I'] C sly(2,R) & p(a) because
I' C L =p(a)®t(a) and Proposition 3.8.4 arises that [sl,(2,R),p(a)] C p(a) and
[sla(2,R), &(a)] C sla(2,R). Therefore, [slo(2,R),I'] C sly(2,R) & LS(I')p) C Z.

Let X'(a) € LS(I)p) and Y € T'. We have [X'(«a),Y] = [X'(),Yoa + Y_o +
Y'(o)] + [X'(«), Yo + Y"(a)]. Clearly, [X'(a),Y, +Y_o +Y' ()] € Z and Yy +
Y'a) =Y — Yo+ Y o+ Y () € LS(T"). Since Yy + Y"(a) € &), we get
Yo +Y"(«) € LS(I')e(oy and then we have [X'(«a),Yy + Y"(a)] € Z. Therefore,
[X'(a),Y] € Z. Consider W = [X'(«), Yo + Y" ()] € [LS(D)p(a), LS(I)ewy] - By
Theorem 3.7 [X'(«), Yy + Y"(«)] € p(a). Then W = W’(a) and hence as above
W' a), Z] = [[X'(«), Yo+ Y"(a)],Z] € Z, for any Z € I'. Therefore, Z is an
ideal of Lie(I"). We get that Z is included in LS(I") and it is an ideal (nontrivial)
of Lie(I'). We deduce that if Lie(I') = L, which is simple then Z = L and thus
LS(I') = L. Clearly if LS(I') = L then Lie(I') = L. ]

4.1. Proof of Proposition 4.2.

For any X € LS(I") since RE,, C LS(I") in the root decomposition of X
related to a root a, we can assume that X, = X_, =0 (as X4, € REL, C LS(I")
and it suffices to take X —(X,+X_,) € LS(I') instead of X'). Then, in our proofs
we will take X = Xy + X'(a) + X”(«). Recall that

X'(@) = X{(a) + Xj(a) + Xj(a), X{(a) = Xj(a) + X{(a), Xi(a) =
X!(@)" + X!()~ and for any m € {2,3}, X/ (o) = X' (a)* + X/ (a)".

We can present X in the general case as follows and use Remark 3.5.

X = Xo+X"(a)+ X} (a)+ X} (a)T+X] (@) +X5(a) " +X5(a)”+X5(a) " +X;(a) .

To prove Proposition 4.2 we use the following lemma and remark.
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Lemma 4.4. Let H, = [E,,E_,] and v € R.
1. If « is long then ¢"*a(X) = Xy 4+ X" (a) 4+ e X} (a)" + ¢* X/ (a)".
2. If « 1s short in the case Go, then

eV e (X)) = X+ X"(a)+e " Xo(a) T +e" X, (o) +e 2" X} (o)t +e* X (a) ™.

3. If « is short in the case By, n > 2, then
e o (X) = Xo + X" () + X\ () + e 2 X1 ()" + e X} ().
4. If a is short in the case Cn, n >3 or Fy, then e*e(X) =
Xo+ X"(a) + Xi(a) + e " Xi(a) + €' X!(a)” + e 2 X, (a)" + > X, ().

Proof.  Just use the fact that [H,, Xo] = 0 and for any root [, we have
[H,., E5] = B(H,)Es and then e*®dfe(Ey) = ¢vfHa) g By Lemma 3.1, 3.2 and
3.3 we know the value of 3(H,) in cach case and we use the definition of X/ (a)*,
X!(a)~, X! (a)* and X' (a)~ for m € {2,3}. n

In the following remark we present some technical properties that we will
often use in our proofs.

Remark 4.5. Let o be aroot and X € L. We have:

L [Ba, X] = [Bay Xol+ [, X{(0)]+[Ea, X{ (@) ] +[Ba, X3() ] +[Ea, Xj(a)*]
and [Ea, [Ea, X]| = [Ea, [Ea, X3(a) ] + [Ea, [Ea, X3(a)"]].

2. For any 8 € R such that a+ f € R and —a + 3 ¢ R we have
[E_a,[Ea, Eg)] = —B(H,)Es. Therefore, [E_q, [Eq, X, (a)t]] = X|(a)*,
[E_a,; [Eq, X3(a)T]] = 2X5(a)" and [E_q, [Ea, X3(e)"]] = 3X5(a)™.

Also, ad’E_,(ad’E,(X5(a)")) = aXy(a)™, with a # 0.

3. For any 8 € 7%’1~(a), we have [E_,, LEQ,EQ]] :~[Ea, [E_a, Eg]] = 2E5 and
then [E_a, [Ea, X1(a)]] = [Eas [E_a X1 ()] = 2X](a).

4. In the case Gg, we have the following:

i. for any 8 € Ry(a) such that 2a+ 5 € R, [Ea, [E-a, Es]] = 3E5. Also,
[Ea, [E-a, X3(a) ] = 3X5(a) ™

ii. for any 8 € Rj(a) such that 3o+ 8 € R, ad’E_,(ad’E,(Es)) = aEp.

Also, ad’E_,(ad’ E,(X5(a)1)) = aXj(a)™, with a # 0.

Indeed, by definition we have [E,, X" (a)] =0, [Ea,)?{(a)*] =0, [Fa, Xo] €
RE, and Y = [E,, X|(a)] = Y/(a)~. We also have [E,, [E., X|(a)]] = 0 and
[Ew., [Eq, X! ()] = 0. Then we get the assertion 1.

For 2, if a+ 8 € R and —a+ 8 ¢ R then [E_,, Es] = 0. We get
[E—M[ECHEﬂH = [EOM[E—CwEﬁ]] + [EB7[E0HE—C¥] = [EﬂaHa] = _ﬁ(HCX)EB‘ By
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Lemma 3.1, 3.2 and 3.3 we know that S(H,) € {—1,—2,—3}. By definition
of X/(a)t, X)(a)t and X}(a)* we obtain the result. Using the Jacobi iden-
tity, one can show that for any f € Ri(«), such that S(H,) = —2 we have
ad’E_,(ad*E,(Es)) = alps.

For 3, let 8 € R)(c). We have [E_o, [Ea, Es)] = [Ba, [E—a, Es]] + [Es, Ha)
and [Eg, H,| = —f(H,)Es = 0 (by Lemma 3.2 and 3.3 we know that 3(H,) =0).
Also, observe that [E_,, [Ea, Es]] = aEz with a # 0. Then [E,, [E_q, [Ea, Egl]] =
a[E,, Eg]. By the Jacobi identity, [Ea, [E-a, [Ea, E5l]] = [F-a: [Fa, [Eas Esl]] +
[Ha, [Ea, Egl|. But [E,, [Ea, Es]] = 0 since 2a+f is not root, and [H,, [E,, Esl] =
(o + B)(Hy)[Ew, Eg) = a(Hy)[Ea, Eg| = 2[E,, Es]. This implies that « = 2 and
thus [E_a, [Ea, Eﬁ]] = 2E5

For 4.i, just use the fact that v = —a+ € Rj(«) and ~ satisfies a+v € R
and —a++v ¢ R by Lemma 3.2. By using the assertion 1 for v, and since v(H,) =
—3, we get the result. 4.ii follows from 4.i (as —a+3a+0 = 2a+ € Ry(«)) and 2.

Notice that one can prove some assertions of Remark 4.5 by using the fol-
lowing property of roots (see [3], [9] and [21]):
For any root o, we have [E_,, [E,, Egl] = q(o, 8)(p(c, 8) + 1) Ej.

Now, we give the proof of Proposition 4.2, in the case when « is a long root
of any type, or « is a short root in the case of type B,, n > 2, C,, n > 3 or Fy.
The case when « is a short root in the case G will be given separately after.

e Let o be a long root when L is of any type, or a short root in the case of
type Bn, n > 2, C,, n >3 or Fy. Clearly if « is long then £X/(a) =0 € LS(T').
If « is short we know that Y = e?d#=(X) € LS(T), for any v € R and then by
using Lemma 4.4 we get

UEIJPOO e Y = +X(a)” € LS(T') and UEEHOO e®Y = +X}(a)t € LS(I).
Notice that if +X € LS(T") then £X)(a)* € LS(T') and £X}(a)” € LS(T).

For 1.ii, let X € LS(T'). If —X}(a)™ € LS(T) then RX) ()t < LS(T).
Since ad’E,(X) = ad®*E,(X5(a)") (by Remark 4.5.1), we get that Rad*E,(X) C
LS(I') and Lemma 4.1.4 gives R[E,, X] C LS(I"). Using Remark 4.5.1 we present
Z = [Ea,X] = [Bas Xo] + [Ba, X}()] + [Ea, Xi()*] + [Ea, X}(a)t]. Clearly,
+[E,, Xo] € RE, C LS(T") and £[E,, X)(«a)*] € LS(I"). By Proposition 3.8.1,
[E., X|(a)] = Z4(a)™ and [E,, X|()T] = Z|(a)~. Using 1i, we get £2Z4(a)” =
+[E,, X|(a)] € LS(T') and thus +[E,, X!(a)"] € LS(I'). But by Remark 4.5,
[E_o, [Eq, Xi()]] = 2X!(e) and [E_a, [Ea, Xi(a)t]] = 2X!/(a)*. Therefore,
RX/(a) € LS(T') and RX)(a)* C LS(T).

Similarly, if —X}(«a)” € LS(T") just use E_, instead of E, and as above
we obtain that RX/(a) € LS(T') and R)?{(a)* c LS(I).

For 1.ii, let X € LS(I"). If « is long then, X/(a) = 0 and the equivalences
are obvious. If « is short, we consider Y = [E,,[Ea, Xi(a)T]], (resp. Y =
[E_o,[E_o, X5(@)7]]) and we have Y = Yj(a)™ (resp. Y = Yj(a)"). Clearly,
Xi(a)™ # 0 if and only if Yj(a)™ # 0 and £X)(a)™ € LS(T") if and only if
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+Y)(a)” € LS(I') (because by Remark 4.5.2, [E_,,[E_o,Y;(a)7]] = aXi(a)",
a # 0). Then ]RLS( )ot (@) C LS(I') if and only if RLS(T'),-,, € LS(I'). Also,
since LS(I)py LS( )2( ® LS(I),- (o), we deduce that RLS( Jpa(a) C LS(I)

if and only if RLS(F)@(Q) C LS(F).

For 2, if « is long we know that for any X € L, X}(«a) = X}(a) = 0 and
then the result is evident.

For 3, assume that RLS(I"),,a+ € LS(I'). Then we have for any X €
LS(I), iX’( ) € LS(I'). By the assert1on 1, we get RX'(a) € LS(I") and thus
X — X'(a) € LS(I'), we know that X — X’(a) € (o). Then RLS(I')yw) C
LS(T') and LS(T)g@n) C LS(T). Also, since [Eya, X] = [Eia, Xo| + [Eia, X'(a)],
[Fia, Xo] € REL, and RX'(a) C LS(I"), we have that R[EL,, X] C LS(I'). As
H, = [E,, E_,] we get R[H,, X] C LS(I"). Then, [sl,(2,R), LS(T")] ¢ LS(I).

To prove that R[LS(I')y(ay, LS(I)e)) € LS(T'), we consider X,Y € LS(T")
and we show that ]R[X’(a),YO —|— Y (« )] C LS(I"). To do this, we show that
R[X (), Yy + Y"(«)] € LS(T) and R[X}(a),Yy + Y" ()] € LS(T) as follows:
Clearly, Y — Y'(a) = Yo+ Y" () € LS(T). We know that +(X/(a)* + X}(a)") €
LS(T). By Definition 2, Yo+ Y"(a) € &), X|(a)* € pf () and X}(a)* € pi(a).
Using Proposition 3.8, we have ad?(X/(a)*+X}(a))(Yo+Y" () € RE_.®p7 (a)
(because [X)(a)* 4+ X4(a)t, Yo+Y" ()] € pf (o) ®p7 (), and then ad®(X](a)*+
X5(a) M) (Yo+Y" () = 0. We deduce that Rad?(X/(a)t + X4(a) ) (Yo+Y"(a)) C
LS(T). Lemma 4.1.4 gives that R[X/(a)* 4+ X}(a)*, Yy + Y"(a)] € LS(T).
Similarly, we show that R[X/(a)~ + X5(a)~, Yy + Y"(a)] € LS(T). We deduce
that R[X! (o) + X5(), Yy + Y ()] € LS(T).

Now we prove that R[X/(a), Yo+Y"(a)] € LS(T'). Take W = [E_,, X}(a)].
We have £W € LS(I') and by Proposition 3.8.1, W = Wj(a)T. We obtain
RWi ()", Yo + Y"(a)] € LS(T"). The Jacobi identity gives that
1B, X)), Yot V()] = [[E_as Yot V()] (@) +]E_a, [Kh(0), Yot V()]
But R[[E_a, Yy + Y"(0)], X{(a)] = R[[E_a, Y], X|(a)] € LS(I'). Therefore,
R[E_o, [X](c), Yy + Y"(a)]] € LS(T). We deduce that R[E,, [E_a, [X](a), Y, +
Y"(a)]]] € LS(T). Just observe that [X](a),Yy + Y"(a)] € pi(a) and thus by
Remark 4.5.3, [Ea, [E_o, [X](0), Yy + Y"()]]] = 2[X|(a),Yy + Y"(a)]. Then
R[X!(),Yy + Y”(a)] € LS(T'). We obtain R[X’(), Yy + Y"(a)] € LS(T).

e Now, we prove Proposition 4.2 when « is short in the case Gg. Let
X € LS(). For any v € R, Y = e#dHe(X) € LS(I'). Lemma 4.4 gives
Y = Xo+ X" (a) + e X ()t + " X5(a)” + e X, ()T + ¥ X, (a)~. Then,
lim e ™Y = X}(a)” € LS(T') and lim €Y = Xj(a)" € LS(T).
v——00

V—+00

Since 4a+ f is not a root for any root 5 we have ad*E, = 0. Then for any v € R,
2 3

evadBa (X' (a)*) = Xé(a)++v[Ea,Xé(oz)ﬂ+%adQEa<XZ;(O‘)+)+%ad3Ea<X§(a)+)'
Therefore, we get

lim 6— ! e B (X! (a)T) = +ad® B, (X5(a)h) € LS(T).

v—Foo |’U‘3
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By Remark 4.5.4, we have ad’E_,(ad’ E,(X5(a)%)) = aX4(a)*, a # 0. Then
RX4(a)t C LS(T). Similarly, by taking e**dF-o(X}(a)7)) we get RX,(a)™ C
LS(T). Therefore, RX5(a) C LS(I') and then RLS(I")y,0) € LS(T"). Consider
Z=X—Xl(a) =Xo+ Xi(a) + X"(a) € LS(I'). Lemma 4 4 gives that

Jim evev®dfe (7)) = X! (o)t € LS(I) and lim e Vet e (7) = X} (a)” € LS(T).

Also, we have ad’E_,(X}(a)*) = 0 because —2a + B is not a root for
any [ € Ra(«a) such that 2o+ 8 € R (otherwise 4o + (—2a + ) = 2 + 3,
which is a root, this contradicts the fact that 4a + v is not a root for any root
7). By Lemma 4.1.4, we get R[E_,, X)(«)*] € LS(T") and by Remark 4.5.4, we
have [Ea,[E,a,X’(a) ] = 3X5(a)t. Therefore, RX)(a)t € LS(T'). Similarly,
we show that RX}(«)™ C LS(I'). We obtain that RX)(a)* € LS(T') and then
RLS(T)py(a)x € LS(I'). This proves the assertion 2 in the case Ga.

For 3 since p(a) = pa(a) ® p3(a), we deduce that RLS(I"),) € LS(T).
Clearly, [sl, ( R), LS(T) C LS(T) (as [Eig, X] = [Fia, Xo] + [E1a, X' (a)]).
To prove that +[X"(«),Y] € LS(T") for any X,Y € LS(I'), it suffices to show
that R[X}(«), Yy + Y"(«)] € LS(T') and R[X} (), Yy + Y”(«)] € LS(T'), because
Y =Yy+Y"(a)+Y'(«) and +Y'(«) € LS(T"). We know that +X/ (o)™ € LS(T)
for m € {2,3}. Since Yy + Y"(«) € #(a), we have using Proposition 3.8 that
[(X4(a)T, Yo+ Y"(a)] € [p3(a), ()] C p3(a) and then, ad*X;(a)* (Yo+Y"(a)) =
0. Also, we get ad’X4(a)*(Yy + Y"(a)) € RE_,. Lemma 4.1.4 gives that
R[X] (o)™, Yo+Y"(a)] € LS(T'). Similarly we show that R[X! ()™, Yo+Y"(a)] C
LS(T"). We deduce that R[X'(«), Yy + Y"(«)] € LS(I'). This ends the proof of
Proposition 4.2.

To simplify the notation, observe that RLS(I'),+,) = R(LS(I') N ps ().
Because by Proposition 4.2, for any X € LS(T") we have X| Sa)t e LS(T).

4.2. Generating semigroups of simple Lie groups.

Let G be real Lie group, whose Lie algebra L is the split real form of a
complex simple Lie algebra and S a semigroup infinitesimally generated by a set
I' € L. The following proposition is an immediate consequence of Theorem 4.3.

Proposition 4.6.  If S contains a subgroup G(«) for an arbitrary root o and
R(LS(T) Nps(a)) C LS(T), then S generates G if and only if T generates L.

Theorem 4.7. If S contains a subgroup G(«) for a root «, then S generates
G if and only if I generates L as a Lie algebra for

1. any long root o when L 1is of any type,

2. any short root « in the case of type Go.

Proof. Proposition 4.2.2 gives that R(LS(I") N p5 («)) € LS(T) in those cases
and by Proposition 4.6 we get the result. [ |

Recently, in [19], this result is proved for a long root o when L is of type
A,, n>2or C,, n >3 and for ashort root « in the case of type Gy. Also, in the
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case of type C,, the authors give an example for a semigroup S with nonempty
interior and S contains a subgroup G(«) for a short root a, but S # G.

In this paper, we study the case of type C,, n > 2, where py(a)™, has the
smallest dimension equal to 2 (see Lemma 4.8), and we precise when the condition
of Proposition 4.6 saying that R(LS(I") Np3 (o)) C LS(T) is satisfied.

According to the fact that each Dynkin diagram of type B,, n > 2, C,,
n > 3 or Fy4 contains the Dynkin diagram Bs = Csg, then the conditions obtained
in the case C,, in particular in Cy will certainly appear in those cases. These
cases where dimpy3 (o) > 4 (see lemma 4.8), will be studied in a future work.

Also, to compare with [19] we will present in the cases By and Bjs a semi-
group S, generated by a set I', S has nonempty interior and contains a subgroup
G(«) for a short root «, but S # G. We also indicate how this example in By
induces the existence of such semigroups S in the cases B,, C,, n >3 and Fy4.

Recall that in the case of type C,, n > 3 (resp. F4) we have just one
(resp. two) long primitive root. In the case By, n > 2 we have (n — 1) primitive
long roots. Also, we have Cy = By. In [4], the sets R} (a) and R/ () are given
explicitly for a primitive short root a.. Since the Weyl group W acts transitively on
the set of short roots and (as in Subsection 3.1) for any w € W, R (wa) = wRS ()
and R/ (wa) = wR/ (@), we deduce the following lemma, for more details see [4].

Lemma 4.8. Let a be a short root.

1. In the case of type Cyn, n > 3, there exist a unique long root B such that
Ry(a) = {8, £(2a+8)} and Ri(a) = {+(a+B)}. Also, dimpy (o) = 2.

2. In the case of type Fy4, there exist three long roots fB;, 1 < i < 3 such that
Ry(a) = {£f;, £(2a+5),1 <i <3} and Ri(e) = {+(a+f;),1 <i <3}
Also, dimp3 (o) = 6.

3. In the case By, n > 2, there exist (n—1) long roots f;, 1 <i <mn—1 such
that Ry(a) = {£8;, £(2a+ ), 1 <i<n—1} and
Ri(a) = {£(a+8),1 <i<n—1}. Also, dimp; (a) =2(n —1).

Lemma 4.9. Let a be a short root in the case Cy, n > 2 and G has finite-
center. If one of the following equivalent conditions holds

1. there exists X € LS(T') such that X)(a)t # 0 and —X5(a)™ € LS(T),
2. there exists X € LS(I") such that Kill(X}(«); X5(a)) <0,

then R(LS(T) Npy () € LS(T).

Proof. In our proof we use the following known property: if X € LS(I") and
Kill(X; X) = Trace adX o adX < 0, then X is compact as soon as the group G
has a finite-center and thus RX C LS(I") (see [7], [15]).

The assertion 1 implies 2. Indeed, if there exists X € LS(I') such that
Xi(a)T # 0 and —X)(a)t € LS(I") then just take Yj(a)”™ = [Ea, [Fa, X5(a)T]]
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and we get
Kill(aX3(a)* +Y3(a) s aX3(a)* +Y3(a)") = 2Kill(aX}(a) s Yi(a) ™) < 0,

for a =1 or —1. The assertion 2 implies 1, because if there exists X € LS(I") such
that Kill(X%(a); X5(a)) < 0 then X)(a) # 0 and RX/(a) C LS(I"). We get by
Proposition 4.2.1 that £X/(a)™ and £X}(a)~ belong to LS(I'). If X)(a)* # 0
we get the result, if not just take Yy ()t = [E_q, [E_a, X5(a)7]], Y5(a)™ # 0 and
=Y, (o)™ € LS(T).

Assume the assertion 1 and let Z € LS(T'). If Zi(a)t is proportional
to Xj(a)™, then £Z)(a)t € LS(T'). If Zi(a)t is not proportional to Xj(a)*,
by Lemma 4.8 we can write Xj(a)" = 23E3 + 2_94—pE 2,5 and then we get
that @ = 252 20—p — T_20-pzs # 0, where Z)(a)t = 25E5 + 2_20—pE _20—5. We
can assume that zg # 0 (if not we take x_s,_5 # 0). Also, we can assume
that 3 > 0 (otherwise we take —X}(a)* instead of X)(«)™). Therefore, as
Zh(a)T € LS(T), we deduce that z5Z)(a)t — 25X, ()T = aE 9,5 € LS(T") and
then [E,, [Ey, aE_oq_p]] =bE_z € LS(I'), with b # 0 (b= aNa —a—pNa,—20-5)-

If b > 0, then Kill(—X}(a)* + bE_g —X4(a)* + bE_g) = —2bxs < 0.
Also, we get that +=(—X}(a)™ + bE_p) € LS(I'). If b < 0 then Kill(X}(a)™ +
bE_g; Xi(a)t + DE_5) = 2bxzg < 0. We obtain +(cX5(a)t +bE_g) € LS(T'), for
¢ =1or —1. We deduce that £bE_z € LS(I') and then R[E_,,[E_,, E_5]] =
RE_9,-5 C LS(I'). Then tz3Ez € LS(I") and thus £Zi(a)" € LS(I'). We
obtain that for any Z € LS(T'), +£Z5(a)™ € LS(I') and thus R(LS(I') Np3(a)) C
LS(T). n

Notice that if VX € LS(T), Kill(X}(o): X4(ct)) > 0 then LS(T) # L.

Proposition 4.10.  Let « be a short root in the case C,, n > 2 and G has
finite-center, then R(LS(T) Npy(a)) € LS(T) if we have one of the following
conditions:

1. there exists X € LS(T") such that X5(a)t =0 and
i. X!(a)#0, or
ii. Xi(a)* #0 and [X{(a)*, [Ea, X{(a)*]] & b.
2. there exist X, Y € LS(I") such that Kill(X}(a)™; Y5 (a)™) < 0.
In particular, for Y =Y](a)” = [Ey, [Ea, X5()T]].

Proof. If X € LS(I") and X)(a)t = 0 then —X}(a)™ € LS(I') and Propo-
sition 4.2.1 gives that RX|(e) € LST) and RX|(a)* C LS(I'). Therefore, if
X!(a) # 0 we take Y = [E_q, X! ()] we clearly have Y # 0 and Y = Y(a)*.
Obviously, +Y;(a)™ € LS(I'). By Lemma 4.9 we get R(LS(T') Np; («)) C LS(T).

If (X{(a) = 0) and X!(a)* # 0, we consider Z = [X/(a)", [Ea, X} ()],
we have 7 € LS(I'). On can verify using Proposition 3.8 that Z = Z, +
Z!(a) + Z"(). Therefore, if Z|(c) # 0 as above we get R(LS(I) N pi(a)) C

LS(T). If Z{(a) = 0, then since Z ¢ b, we have Z"(a) # 0. We take
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W = [)/(\’;r(oz), [)/(\’Ir(oz), Zy + Z"(a)]]. We clearly obtain £W € LS(I') with
W =Wi(a)™ #0. Then £Wj(a)*t € LS(T") and Lemma 4.9 gives the result.
To show the assertion 2, just observe that

Kill(X5 ()™ + Y3 (a) 73 Xj(a) " + Y3 (a) ™) = 2Kill(X5(a) " ¥5 (@) ") <0

and if X,Y € LS(I") then Zj(a) = Xj(a)t +Y;(a)” € LS(T'). We get +Z)(a) €
LS(T") and then Lemma 4.9 gives the result. n

Theorem 4.11. Let L be of type C,, n > 2 and G with finite-center. If S
contains a subgroup G(«), for a short root a then S generates G if and only if T
generates L and S contains a one-parameter group {exp tEs, t € R}, for a root

§ € Roa) UR:(ev).

Proof.  If there exists a root § € Ro(a) so that REs C LS(I"), then by Lemma
4.9 we get R(LS(T') Np;(a)) € LS(T) and Proposition 4.6 gives the result. If
5 € Ri(a) just take o+ 6 € Ry(a) and R[E,, Es] = RE,.s C LS(T') to obtain
the result. [

Notice that if ¥ € Ry(a) URy(a), RE; ¢ LS(T), then LS(I') # L.

4.3. Example: Symplectic Lie algebra sp(2n,R) of type C,,.

Consider the real symplectic Lie group G = SP(2n,R) and its Lie algebra
L = sp(2n,R). It is known that L is the set of matrix X = (é _LEA),
where B,C are (n,n) symmetric matrix (‘B = B and 'C' = C') and X satisfies
XJ+JX =0, where J = (_(—), I(;‘)

The symplectic Lie group G is the set of matrix Z such that 'Z.J.7Z = J.
We start by giving the root space decomposition of L and for a short root o we
present the root space decomposition of L related to «.

Denote by E,., the (2n,2n) matrix (¢;;) such that ¢, = 1 and all the
other coefficients are zero.

Take the n diagonal matrix which form a basis of a Cartan subalgebra b

Er,r - En+r,n+7"a for 1<r<n
and the 2n? matrix
En+r,s + EnJrs,r; Er,nJrs + ES,nJrT l<r<s<n

Er,s - En+s,n+7"> 1 S r, s S n, r 7é S

Denote by &, the linear form on § given by
€T(ES,S - EnJrs,nJrs) = 67”5 fOT 1< r, s <n.
One can verify that for any H € b, we get:

[H, En+r,s + En+s,r] - _(5T(H) + 65(H))(En+r,s + En—l—s,r), ]- S r S S S n
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[H, Er,n—l—s + Es,n—‘rr] = (ET(H) + 55(H)(Er,n+s + Es,n+r)7 ]- S r < S S n
[H7 E,s— En+5,n+r] = (5T(H> - 5S(H))(ET,S - En—&-sm—&-r)a 1<r, s<n, r#s.

This implies that the 2n? roots are given by
2, for 1 <r<n and =g xe,forl<r<s<n.

Consider o, = ¢, —¢,41 for 1 <r <n -1 and «a, = 2¢,. We verify that
Ep —Es = Qp + Qpy1 + ... + sy, forr <s,

Ertes=a,+a1+ .. Fas 1+ 205+ ...+ 20, 1+, forr<s<n-—1,
Ertéen=0,+ 1+ ...+, 1+a, forr<n-—1,
2, =20, + 20,51 + ... + 20,1 + v, forr <n—1.
Therefore, «,., for 1 <r <n —1 and «, are primitive roots. The positive

roots are 2¢,, for 1 <r <mand ¢, £, for 1 <r <s<n.

e In the case Cs, let ay, ay (resp. as) be the primitive short (resp. long)
roots. Denote by R™ the set of positive roots. We take o = ;. We obtain that

R'(a) "R = {as}, 7%’1(04) NRY ={ag, as+asz, a1 + ay, a; + as + as},
7%’1(04) N R+ = {Oé1 + 20&2 + 063} and Ré(o&) N R+ = {20&2 + g, 20&1 + 20&2 + 063}.
Using the above properties one can verify that:
Eoo=FE12—FEsy, FEoy=FEo3—Fgs, Eaya,=FE13— FEea, FEaoy=2E36,

Ea2+043 = EQ,G + E3,5 ’ E2a2+a3 - 2E2,5 ) Eoc1+20c2+a3 - E1,5 + E2,4 3
E2a1+2a2+a3 - 2E1,4 3 EOL1+042+Q3 - E1,6 + E3,4 .

Clearly, for a root 0 if Ky = E;; + aEy;, with a = £1 then E_; = E;; + aFy
and H,, = [E,,, E_,,], for 1 <i<3.

The root decomposition of X € L is given by: X = Xy + > x5Fs, and
SER
Xo= > mHa = > hi(Eii — Esiizti)-

1<i<3 1<i<3

X =Xo+ X"(a) + )?{(a) + )?{(04)+ + )?{(a)f + X5 ()t + X5(a)™.

. A B
Write X = + 1 |, where
C —*A
hy Ta;  Tajtaz 2T20, 4200103 Tar+2astas Lajtastas
A= L—ay ha Loy , B= Loy +2az+as 22205403 Lag+as
Toai—as T—as h3 Lay+az+as Las+as 2‘77043

2-73—2011—2012—043 Loy —2a—a3 LT—aj—az—as
and C' = T—oy—200—as3 21‘72(127013 T_ay—az

L—oy—az—asg L—ag—a3 22y
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Observe that the matrix (g g) contains the following components of
X: Xi(a)t, X4(a)", Xi(a), X"(a) and the remaining components which are

part of )/(\'{(a) The matrix > contains the components X4,,, and the

A 0
O —'A
other part of )A({(oz) which is Xia,, Xi(a4a0), (With o = a1, ay and oy + ay
A 0
0O —'A
he REL,, & REL,, which is not equal to L.

Therefore, if for any X € I" we have B = C' = 0, then Lie(I') # L. We
deduce that, if Lie(I') = L then there exists an element Z € I' such that the

are short). Notice that ) belongs to the subalgebra of L generated by

associated matrix is nonzero and then if Z satisfies the conditions of

0 B
C 0
Proposition 4.10 we get S = GG. The following example illustrates this.

Consider I' = {Z + w1 Ey, + usE_o,, Z € L, uy,us € R}, where Z =
Eoy, + E_vy + Eayt200+05 + F-20y—ay- We have RE,, @ RE_,, C LS(I'), be-
cause for us = 0 we have lim ﬁ(Z + wFE,) = £E, € LS(I'). Simi-

v—Foo

larly, £F_,, € LS(I'). By Lemma 4.4 and since for any X € Lie(I') we have
+X € Lie(T'), we get that Z(e)~, Z|(a) and Z(a)* belong to Lie(I'). Then,
E_905—as, Fay+2a0+a; ad Ei(q,tas+ay) belong to Lie(I'). Therefore, Lie(I') = L.
Since Z € LS(I), Zj(ay)™ = 0 and Z(ay) # 0, by Proposition 4.10 and Propo-
sition 4.6, S = G.

4.4. Examples: Short roots in B,,, n > 2, C,, n >3 or Fy4.

We know (see [19] for more details) that for the real symplectic Lie group,
of type C,, n > 2, there exists a semigroup S which is a compression semigroup,
with nonempty interior and S contains a subgroup G(«) for a short root «, but
S # G. Precisely, S contains {exp tQ : t > 0}, where @ is a quadratic form
2’ ?),Where B=C
is the (n,n) identity matrix and S contains {exp tX : ¢t > 0}, for any matrix X

A 0
of the form X = (O _t4

given in the standard basis of R?" by the matrix, Q = (

> . Here we use this result in the cases n = 3 and n = 2.

e In the case Cs, consider I' = {Z + w1 E,, + usE_,,, ui,us € R}, where
Z = By + B, +2Q and 2Q = Es,sa + E—say—ay + Bay + By + ooy +205 405 +
E 90, —200—as = Z4(an) + Z"(a) and 2{(041) = E,, + F_,,. The semigroup Sr
generated by I' contains G(ay) and Spr C S # G. We show that Lie(I') = L and
then St has nonempty interior.

Indeed, E.,, € Lie(I') and as above by Lemma 4.4 we obtain that Lie(I")
contains Ea,, E_n,, Eay + E_qy. Since [E_q,, [Eay, Fas + E_os]] = aE,, with
a # 0 we get that E,, € Lie(I'). Similarly, £_,, € Lie(T").

e In the case By = C,, let o and «s be the primitive roots where oy is
short and as is long. The positive short roots are a; and a1 4+ s and the positive
long roots are s and 2a; + ap. Consider the Cartan decomposition of L related
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to a short root a, L = ¥(a) ® p(r). Using Lemma 4.8, there exists a unique
root § such that Ry(a) = {8, +(2a + )} and R)(a) = {+(a + B)}. Also,
R"(a) = R (o) = 0. We have p(a) = pa() @ pi(a) and €(a) = sl (2,R) & RHj.

Clearly, if S contains G(ay) and G(a; + ag) then S = G. Therefore, if
S # G then it contains exactly one subgroup G(«) with o € {ay, a; + as}.

Notice that if & = a1 then = ay and if a = a; + s, then = —ay. In
both cases a = a; or a = a; + ay, we have ) = %(EB +E 20+ E g+ Esaip).

Consider I' = {Hg + Es + E_oq—p + w1E, + u2E_,, u,us € R} and
denote by St the semigroup generated by I'. Clearly, Sp C S # G. Also, we have
Lie(I') = L. Because by Lemma 4.4 we obtain Hg, Ez+E_s, s € Lie(I') and then
E2a+5—|—E,5 € Lle(F) We have [Hfg,Eg—i-E,Qa,g] = 2E5 and [Hg, E,5+E2a+5] =
—2E_5 (because (2a+ 3)(Hg) =0 as a(Hg) = —1).

Claim For any X € LS(T"), we have Kill(X}(a)™; X)(a)”) > 0.
Indeed, if there exists X € LS(T') such that Kill(X}(a)t; X5(a)™) < 0,
then by Lemma 4.9 and Proposition 4.6 we get Spr = G and thus S = G, which is

absurd.

Using this claim and the fact that the Dynkin diagram Bg contains Bs
we deduce that in Bz there exists a semigroup Sy generated by a set >, with
nonempty interior and Sy, # G.

e In the case Bg, let a3, as be the primitive long roots and «; the primitive
short root. Take o = ;. We have

Ri(a) =0, R"(a)NRT = {as, 201 + 2as + a3},

R () NRY = {ay + as, ay +ay + a3} and
Ry(a) NRY = {ag, s+ as, 201 + as, 201 + as + az}.

Let ¥ ={Z+w E,, +usE_, ,u;,us € R}, where Z = E,, + E_20;—ay + Foaytas +
E., + E_,,. The semigroup Sy, generated by ¥ contains G(aq), has nonempty
interior and Sy, # G. Indeed, we have Lie(I') = L because by using Lemma 4.4
we obtain that Lie(T") contains Zy(a1)™ = Fa, + F 2010y, Zo(@1)” = Eoayian,
Z"(o1) = Eoy + E_oy and [Ey, [Eay, Z5(a1)t]] = 2(F2aytay + E—ay). Then E_,, €
Lie(I"). We deduce that E,, and then E.,, belong to Lie(T).

We show that VX € LS(X), Kill(X)(«); X5(a)) > 0 and then Sy, # G. To
do this, assume that there exists X € LS(X) so that Kill(X}(«); X5(«)) < 0. By
Lemma 4.8, let 51 = ap and [y = s + ag and write X}(a)t = X5, + X 04,5, +
Xﬁ2 + X_2a1_52 and Xé(oz)_ = X—Bl + XQaH_gl + X_52 + X2a1+52. We have
Kill(X3(a); Xg(a)) = 2Kill(Xg(a1) " Xs(ar) ) = 2Kill(Xs, + X gy i X s, +
Xoar+) + 2Kill(Xg, + X 00,85 X_, + Xoa,48,) < 0. But by using the claim we
have that Kill(Xs, + X_2a,-8,; X_5, + Xoa,+5 ) > 0. Then

Kill(X/BQ + X*2a1ﬂ32; X*ﬁz + X2a1+52) <0.
Therefore, if G has finite-center we get that £(Xg,+X_20, s, +X_g,+Xi20,18,) €
LS(¥). By Proposition 4.2 we get £(Xg, + X_24,-5,) and £(X_s, + Xon,+5,)
belong to LS(X). As in the proof of Lemma 4.9 we obtain that +FEjs,, £E g5, €
LS(Y). Then Sy contains G(f3), and fs is long. By Theorem 4.7, we get Sy, = G
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and thus S = G which is absurd.

We can generalize this example to By, n > 4, by taking a = oy the prim-
itive short root and Sy, with Z = E,, + E_24,—ay + F2ay4as, + Z" (1) € 3, where
Z"(ay) = Z3§i§n(E04i +E o).

Observe that if we take of the long (resp. short) primitive roots «;, for
i=mn,..,3in B, (resp. C,), n > 3 we obtain By. Also, if we take of the short
(resp. long) primitive root at the end of the Dynkin diagram F, we obtain Bj
(resp. Cgz). Then (as in By = Cy), there exists in those cases semigroups S with
nonempty interior that contain G(«), for a short root «, but S # G. Those cases
will be studied in a future work.
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